Bremner, Guy and Nowakowski [Which integers are representable as the product of the sum of three integers with the sum of their reciprocals? Math. Comp. 61(203) (1993) 117-130] investigated the Diophantine problem of representing integers n in the form (x + y + z)(1/x + 1/y + 1/z) for rationals x, y, z. For fixed n, the equation represents an elliptic curve, and the existence of solutions depends upon the rank of the curve being positive. They observed that the corresponding equation in four variables, the title equation here (representing a surface), has infinitely many solutions for each n, and remarked that it seemed plausible that there were always solutions with positive w, x, y, z when n ≥ 16. This is false, and the situation is quite subtle. We show that there cannot exist such positive solutions when n is of the form 4m 2 , 4m 2 + 4, where m ≡ 2 (mod 4). Computations within our range seem to indicate that solutions exist for all other values of n.
Introduction
In Bremner, Guy and Nowakowski [1] , the authors investigate the Diophantine problem of representing integers n in the form (x+y+z)(1/x+1/y+1/z) for rationals x, y, z, which is equivalent to studying rational points on a parametrized family of elliptic curves. Solutions for x, y, z depend upon the rational rank of the curve being positive. In their concluding remarks, they observe that the corresponding equation in four variables, representing a surface, (w + x + y + z)(1/w + 1/x + 1/y + 1/z) = n, (1.1) has infinitely many solutions for each n, following from the parametrization (w, x, y, z) = (−(n − 1)t, t 2 + t + 1, (n − 1)t(t + 1), (t + 1)(n − 1)).
The minimum value of the form on the left-hand side of (1.1) as w, x, y, z take on positive real values is equal to 16. The question arises as to whether there are always positive solutions to (1.1) for w, x, y, z when n ≥ 16. Quoting the previous authors: ". . . it seems likely that for n ≥ 16 there is always such a representation, e.g., 16(1, 1, 1, 1); 17 (2, 3, 3, 4) ; 18(1, 1, 2, 2); 19(8, 9, 18, 21); 20 (1, 3, 3, 3) ." For a fixed rational ratio y/z, Eq. (1.1) represents the equation of an affine cubic curve in w, x. For given n, it seems that an appropriate specialization of y/z to positive rational values may give rise to an elliptic curve of positive rank containing points with x, w > 0. Thus, the remark of Bremner, Guy and Nowakowski, seems plausible. However, the actual situation is rather more subtle. We performed a numerical search over the range 16 ≤ n ≤ 1000; Table A .1 in the appendix lists results in the range 16 ≤ n ≤ 300. It is striking that we find positive solutions to (1.1) for all values of n except n = 36, 40, 64, 68, 100, 104, 196, 200, . . .. Allan MacLeod suggested that there might not be solutions when n was of the form n = 4m 2 , 4m 2 + 4, for m odd or m ≡ 0 (mod 4). We shall in fact prove that this is indeed the case: there do not exist positive solutions of (1.1) in the cases n = 4m 2 , 4m 2 + 4, for m ≡ 0, 1, 3 (mod 4). We thus obtain a family of (singular K3) surfaces where we show that the only rational points lie on lines typified by w = x = 0. This investigation represents a "surface" analogue of the problem studied by Bremner and MacLeod [2] , regarding positive representations of an integer n in the form x/(y + z) + y/(z + x) + z/(x + y). It turned out that in this case, a positive representation is impossible when n is odd. This problem was discussed in an online forum, where Michael Stoll [5] gave an elegant alternative proof of this fact. Indeed, it was Stoll's proof that gave rise to the ideas behind the principal result of this paper.
The computations seem to indicate that when n is not of the form n = 4m 2 , 4m 2 + 4, with m ≡ 2 (mod 4), then there is always a positive representation of n at (1.1). This seems very difficult to prove, however. From perusal of solutions, we observe the following identity, involving Fibonacci numbers:
). In the case that n = 3m, in which case 8 | F 6m , we set k = 
Inequalities
Suppose w, x, y, z is a solution in positive rationals of (1.1), and denote the symmetric functions of x, y, z by The equation (w + x + y + z)(1/w + 1/x + 1/y + 1/z) = n 3
Then (1.1) takes the form
Taking the discriminant of (2.1) with respect to w:
Now, the coefficients of w 2 , w 0 in Eq. (2.1) are positive, so that w > 0 implies that the coefficient of w is negative, that is,
This implies
so that necessarily from (2.2)
In terms of x, y, z,
This expression is quadratic in x with coefficients of x 2 , x 0 , equal to −(y + z), −yz(y + z), so we deduce that x positive demands the coefficient of x is positive, namely
Certainly, therefore,
Further, the x-discriminant at (2.4) must be positive, that is,
In virtue of (2.6), we must have 
The Elliptic Curve
Equation (1.1) for wxyz = 0 is equivalent to
which may be considered as the equation of an affine cubic in w, x (say) over Q(y, z). A Weierstrass form is
where
A mapping from F n to C n is given by the following (on homogenizing by writing x/d, w/d for x, w):
We set
where, from (2.6), D > 0 under specialization at positive y, z. The quadratic factor at (3.1)
by (2.7). Thus, F n has two components in the real plane. The 2-torsion on F n occurs at Y = 0, when X = 0 or when X = r 1 , r 2 , where
which are both negative since their product is positive and their sum is
by (2.8).
We seek points (X, Y ) on 
If the latter were to hold, then from (3.4),
Necessarily, therefore, X < 0 (and
values of x : w thus correspond to rational points of F n that lie on the bounded component.
We shall show that for n = 4m
is a torsion point. This will be accomplished by proving that for a point (X, Y ) with Y = 0, then the Hilbert symbol (X, −D) p = +1 for all finite primes p whence
Recall that for a, b non-zero elements of Q, the Hilbert symbol (a, b) p for p a prime is defined to be +1 if the equation ax 2 + by 2 = z 2 has a solution with x, y, z ∈ Q p , and is defined to be −1 otherwise. We shall use the following facts about the Hilbert symbol; see, for example, Serre [4, Chap. III].
• The symbol is multiplicative, in that (a,
• The symbol has a product formula, namely 2 We use three lemmas, the first relating to odd primes p, the second and third relating to the prime 2. 
Remark 1. Observe that the equation
Bu 2 − Dv 2 = w 2 has the non-trivial solution (u, v, w) = (1, 4yz(y + z), 4yz(y + z) 2 ), so that (B, −D) p = +1 for all primes p.
The Case n = 4m
, and
So it suffices to consider only gcd(y, z) = 1.
so that r is even and
. Thus, we need only consider the case where X ∈ Z p .
(
Suppose first that p yz(y + z). Then the equation 
Further,
, so that α is even, and α ≤ 2r − 2. Thus Thus,
In the case p ( However, 2α− 4r > 0 and α+ β − 4r > 0, we have
For the prime 2, consider separately the instances m ≡ 0 (mod 4), and m odd. Suppose first that m ≡ 0 (mod 4). Now if (w, x, y, z) is an integer solution of (1.1), then certainly we may assume their greatest common divisor equals 1. Parity considerations show that either (i) one of w, x, y, z is odd, the others even; or (ii) two of w, x, y, z are odd, the others even; or (iii) w, x, y, z are all odd. We order w, x, y, z so that in case (i) then (w, x, y, z) ≡ (0, 0, 0, 1) (mod 2); and in case (ii) then (w, x, y, z) ≡ (1, 0, 0, 1) (mod 2). In case (iii), order w, x, y, z so that 4 (y + z): this is possible, otherwise all six sums of any two of w, x, y, z are divisible by 4, implying w, x, y, z are each even. It follows that in each case, the ordering satisfies 4 (y + z). Suppose second that m is odd. In this instance, we suppose without loss of generality that 4 (y − z). This is possible, for otherwise all six differences of type y − z are divisible by 4, implying w ≡ x ≡ y ≡ z ≡ ±1 (mod 4), and (1.1) gives an impossible congruence mod 16. Proof. As above.
The Case n = 4m 2 + 4
We use three lemmas, the first relating to odd primes p, the second and third relating to the prime 2. Proof. As before, we suppose that (y, z) = 1; and as in Lemma 2, it is only necessary to consider X ∈ Z p . (a) Suppose p m.
Then n = 4m 2 + 4 ≡ 4 (mod p), and X ≡ 4ny
Suppose first that p yz(y + z). The equation (X
the non-trivial solution (1, 4yz(y + z), 4yz(y + z) 2 ) modulo p, and thus has a
and
Modulo p, AX Since p yz and −D = (y + z) 2 − nyz, we have p | n.
and it is only necessary to consider the case
Here,
We have 
Here, 2α, 2u + v > α + v, so that ν p (Y 2 ) = 2α + v, and v is even, with
Thus A 0 ≡ (mod p), and from (5.
Now,
, then using (5.4), (5.5), we have −16ty
.
We have 2α > α + v > 2u + v, and
Hence ν p (Y 2 ) = α + 2u + v, and α + v is even. If both are even, then (X, −D) p = +1; so suppose both are odd.
(ii) Suppose v = 2u. Here,
Further, 
As before, ν p (X) is even, and
and from (5.8),
, α is even, and
Again, when dealing with the case of p = 2, we split into two cases, n = 4m 2 + 4 with m ≡ 0 (mod 4), and m ≡ 1 (mod 2). When m ≡ 0 (mod 4), we argue as before to suppose that 4 (y −z). When m ≡ 1 (mod 2), we suppose that 4 (y +z). • k ≤ 3. Here, Y 2 = 2 3k X 0 (X 
Here, X 0 (2X Arguing as in the previous section, the following theorem is now immediate. 
